We show that a divergence-free vector field belongs to the C 1 -interior of the set of divergence-free vector fields satisfying the orbital shadowing property when the vector field is Anosov. MSC: 37C10; 37C50; 37D20
Introduction
The shadowing theory is a very useful notion for the investigation of the stability condition. In fact, Robinson [] and Sakai [] proved that a diffeomorphism belongs to the C  -interior of the set of diffeomorphisms having the shadowing property coincides the structural stability, that is, the diffeomorphism satisfies both Axiom A and the strong transversality condition. In general, if a diffeomorphism is -stable, that is, a diffeomorphism satisfies both Axiom A and a no-cycle condition, then there is a diffeomorphism which does not have the shadowing property (see, [] ). However, for another shadowing property, if a diffeomorphism is -stable, then the diffeomorphism has another shadowing property.
In this article, we study another shadowing property which is called the orbital shadowing property. It is clear that if a diffeomorphism has the shadowing property, then it has the orbital shadowing property. But the converse is not true. In fact, an irrational rotation map does not have the shadowing property, but it has the orbital shadowing property.
The orbital shadowing property was introduced by Pilyugin et al. [] . They showed that a diffeomorphism belongs to the C  -interior of the set of diffeomorphisms having the orbital 
for any t i ≥ T, i ∈ Z. Define Rep as the set of increasing homeomorphisms h : R → R such that h() = . Fix >  and define Rep( ) as follows:
Let ⊆ M be a compact X t -invariant set. We say that X t has the shadowing property on if for any > , there is δ >  such that for any (δ, )-pseudo orbit {(
for any T i < t < T i+ . If = M, then X t has the shadowing property. Now, we introduce the notion of the orbital shadowing property. For x ∈ M, we denote O X (x) to be the orbit of X through x; that is, O X (x) = {X t (x) : t ∈ R}. We say that X t has the orbital shadowing property if for any >  there is δ >  such that for any (δ, )-
where B (A) is the neighborhood of A. Note that the orbital shadowing property is a weak version of the shadowing property: the difference is that we do not require a point x i of a pseudo-orbit ξ and the point X t i (y) of an exact orbit O X (y) to be close 'at any time moment'; instead, the sets of the points of X and O X (y) are required to be close. Let be a closed X t -invariant set. We say that is hyperbolic if there are constants C >  and λ >  such that a continuous splitting
for any x ∈ and t > . If = M, then X is called Anosov. Given a vector field X, we denote by Sing(X) the set of singularities of X, i.e., those points x ∈ M such that X(x) = . Let R := M \ Sing(X) be the set of regular points. We know that http://www.advancesindifferenceequations.com/content/2013/1/132 the exponential map exp p :
For any x ∈ R and t ∈ R, there are r >  and a C  map τ : N x,r → R with τ (x) = t such that X τ (y) (y) ∈ N X t (x), for any y ∈ N x,r . We say τ (y) the first return time of y. Then we define the Poincarè map f by
Let N = x∈R N x be the normal bundle based on R. One can define the associated linear Poincaré flow by P t X (x) :
is the projection along the direction of X(X t (x)).
Denote by int OS μ (M) the set of divergence-free vector fields satisfying the orbital shadowing property.
, then X has no singularity and X is Anosov.
Proof of Theorem 2.1
Let ⊂ M be a compact, X t -invariant and regular set. We say that is hyperbolic for
for all x ∈ . The following is well known and one can find a proof in [] .
Theorem . is a hyperbolic set of X t if and only if the linear Poincaré flow P t X restricted on has a hyperbolic splitting N
Consider a splitting N = N  ⊕ · · · ⊕ N k over , for  ≤ k ≤ n -, such that all the subbundles have constant dimensions. This splitting is dominated if it is P t X -invariant, and there is l >  such that for every  ≤ i < j ≤ k, we have
The following was proved in [] . From the Theorem ., we know that if a vector field X admits a dominated splitting, then Sing(X) = ∅.
Franks' lemma for divergence-free vector fields allows to realize the perturbations as perturbations of a fixed volume-preserving flow. Fix X ∈ X  μ (M) and τ > . A oneparameter area-preserving linear family {A t } t∈R associated to {X t (p); t ∈ [, τ ]} is defined as follows: http://www.advancesindifferenceequations.com/content/2013/1/132 
has an eigenvalue λ with |λ| = .
A divergence-free vector field X is a divergence-free star vector field if there exists a C  - Thus, to prove Theorem ., it is enough to show that if X is in the int OS μ (M), then
, Y has the orbital shadowing property. Let p ∈ γ ∈ PO(X t ) with X π (p) = p and U p be a small neighborhood of p. We will derive a contradiction. Assume that there is an eigenvalue λ of P 
